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Differential equations for the auxiliary Green’s functions are obtained from (4.29) by scalar multiplica-
tion with the dual vectors (4.15). Having solved these equations by a perturbation series we can construct
the coordinate independent Green’s functions that transform linearly under chiral transformation according

to the prescription (4.14), e. g.
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It is shown that the cluster expansion formalism previously developed as a basis for a theory
of the ground state of correlated systems may be generalised in such a way as to enable the applica-
tion of the generator coordinate method in the presence of singular interactions, thereby providing

also a theory for excited states.

A new interest in the Jastrow method seems to be
developing. Investigations of the ground state of cor-
related Fermi systems, based on cluster expansion
formalisms, have been performed by the present
authors 172, and by others 76. We feel that cluster
expansions are also useful for investigating excited
states, in particular for extending the generator co-
ordinate method or the random phase approximation
(RPA) to systems containing singular interactions.
In the present note we describe a method by which
the cluster expansion formalism considered in Re-
ferences 2 ® may be used to apply the generator co-
ordinate method to systems containing short range
correlations due to the hard core of the two-body
force. In Refs. 172 a wave function of the form

| %) —exp S| @) (1)
where | @) was a Slater determinant,
%
|@)=1lai [0), (2)

and S was a two-body operator has been considered.
In order to describe deviations from equilibrium we
will allow S to contain a one-body part. Therefore
we write

N N
S=2si+ 32 fi=2 (m]|s]i) an
i=1 i¥j=1 mi
- 32 (mn|flij) an ax aja, (3)
mnij

where |ij) and | mn) are non antisymmetrized sta-
tes. We use the letters 7, j, k, . . . to refer to occupied
states (holes), the letters m, n, p, . .. to refer to un-
occupied states (particles), and the greek letters a,
B. 7, ... to refer to either. The quantities (mn | f|ij)
are functions of the quantities (m|s|i) which may
be determined by the prescription that the expecta-
tion value of the Hamiltonian H should be a mini-
mum for fixed values of (m|s|7). In order to write
down cluster expansions we define n-particle uncor-
related states
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i) =a; |0), (4) edkets !ij) according to
s o TP e 1
lij)=ai o |0), ... (5) lij) = =i -]iD}.
d th li lized but elated va
nd the corresponding unnormalized but corre
:tates P ° We also define the cluster integrals, which may con-
L) = e5]) (6) tain differently deformed states on the left and on
o o the right hand sides of the matrix elements and
lwy) =€8lij). (7)  scalar products,
The kets |7 j) are related to the non-antisymmetriz-  »; ;= (y; ;) = (P (1 +5) (1 +8)]j). (8)
i = (Wit | Wit) — %, 3 20,1+ %3,1 %, 5 N
= (R[{I(@+s7) (T4s27) +fr2 JT(L+5) (1 +55) +fr0] (9)
— (L +s17) (14 52%) (Lsy) (L+s2) [ 72)
hij=(pi H]ps) = (] +57) (1 +9)]]) (10)
hig, o= (i | H i) — hij 0=, Bae o hiyoen, o+ b, 240
= (E[{[(L+s17) (L +s27) +fiz Tt +t2+012) [(1+50) (1 +55) + fro] (11)
— (s (s ) () (Ls) (T+s) 3 i), .
Making use of the methods developed in Refs. 23,  where the matrix y; ; satisfies the equation
the cluster expansions of the overlap integrals may By = 7\:;' % Pr, ;k;?ik, oh ¥a i 7. (16)
v gnr

be written, up to second order clusters,

v H| P : :
<”7 ',7,}’1*,‘1,\ Y= 2 higvii+ Y 2 vicivee i s
(V| ¥ i il
(12)
log (P | W) = trace, log %, + trace; log y; 71 2,71
—trace, (I; — 2, y4) + % trace; trace, 7{ 2 %12 (13)
where
S 1S b ’
traces log g = (21— 0y) — 2 2 (21, j— 0yj) (#5,1— 05)
ij
1S (; , ,
+ 3 2 (,j—05) (%5, — i) (21.i—Ops) —. ..
ijk
and the matrix j; ; satisfies the equation
S ST Vn 3
Oii= 2 %k Vi i+ 2 %k on¥nivei- (14)
k ghk

If s;=s; and f;; = f; so that | ¥') =| ¥’), then Eqgs.
(12) and (13) give us the expectation value of the
energy and the logarithm of the norm of the cor-
related wave function | ). When we wish to ex-
press the fact that the quantities %; ;. Ay ji, % ;4
ik, jls Vi,is « - - have been computed with s;=s, and
fi;=fij» we will write a bar over them. For instance:
h In this way the expectation value
of the energy becomes

(P|H|Y)

(7| ¥)

iyjo Xijoess o

[

—Sh. 5 LSE 55
=20 ¥t 3 2 ha 7Pk

ij ikjl
(15)

We minimize Eq. (15) by introducing a Lagrange
multiplier ¢; ; corresponding to Equation (16). In
this way we obtain the following equations which de-
termine the quantities (mn!f|ij) and (ij|f"|mn)
[as functions of the quantities (m |s!7) and (i|s*| m)],

2 (17)

41[<mnltl+te+vmlwn> 7iiPLk

i

— Ei Figrunlmn|wi) (eg i 0m+ 056011 =0
gh

;wumeWM+@+mﬁmni (18)

]

- Eh}_)i,i?_’k.l(eigalh +(Sf.<l 51.h> ('/'un':m'lﬂ =0
g

(19)

e
gl

- wir | v1a(L+sg+52)|j1) 7,x=0.

Notice that according to Eq. (7) we have
lpi) = (1453482451 82+f12) | j 1) .
It should also be observed that Eqs. (17) and (18)

are equivalent since, as it has been shown in Ref. !,
=g *_ S5
(2. 71,080,0) = 270 80.1-
g g
As a simplifying approximation we replace now in

Eqgs. (17) and (18) the quantities ¢; ; by their values
&, ;(0) corresponding to (m|s|i) =0 and we as-
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sume that the quantities ¢; ;(0) are diagonal
©
&, ](O) = 85() 61'] .

The quantities ¢ ) are, therefore, the self consistent
energies for occupied states in the ground state.
Equation (17) becomes, then,
mn I(tl‘rt2+vlo—£(0) (20)
— &) (L+sy+8+s8+12) [ 1) =0.

For an infinite system, when the kinetic energy ¢ is

diagonal
t|n) =7,|n) (21)
Equation (20) may also be cast in the form
lpis) = (1453 +59)|17) — (Q/€) via|wij)  (22)
where
(e)’ - 7:” Tm _:_rfﬂr? EZ)l)n | O (23)
Formally, we also have, therefore
lpii) = (L+ (Qfe) vyo) T (L + s+ 52) |2 ])
=Q(1+s+s9) |]) (24)

The generator coordinate method requires the com-
putation of the overlap integrals (¥ ]H[ ¥) and
(¥ |¥). The methods of Refs %3 are also ap-

propriate to compute the quantities

K(s,s)=(V|H|P)[(¥'|¥P)
and

@(8’, S) =10g< T,| T) ’

where s is some parameter or set of parameters spe-
cifying the operators s; . In terms of these quantities
the integral eigenvalue equation of the generator co-
ordinate method may be written

J[K(s',s) —E] 9 f(s) ds=0
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One obtains
YIH| V)P | W)= 2 &+ 2(hi;
1 ij
) .
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It seems appropriate to replace, in these expressions,
the matrix elements ; ; by their values correspond-
ing to zero deviation from equilibrium. However,
the next order corrections are also easily computed,
if necessary. For this purpose we write

7“71 611+6/zj

We then obtain the follﬂowing equartion for (5;/5 , i

(0
Y 1L Jh

S (8. (0)
0y;, ;2 — = (0, ji 7 Oyn, 1) 70 /, 8

where 7{ are the ground state occupation factors,
%Wy is the value of #i, j1 for the ground state, i. e.,
for s;=0, and
s X 0
O, j1 = ik, j1— Ag'k?n-

It would now be a simple matter to generalise the
RPA for a system containing short range correla-
tions, using, for instance, the method of JaNcovicI
and ScHIFF7. It is however obvious that, to lowest
order in the two-body cluster integrals, the equations

obtained would be of the Tamm-Dancoff and not of
the RPA type.
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The construction of subalgebras of the set of bilinear products of fermion operators which allow
the formation of physically relevant solvable models is investigated. The subalgebras are assumed
to be semisimple, hermitean closed and compatible with angular momentum. One obtains two clas-
ses of subalgebras, i) the wellknown set of spherical tensors of rank zero and ii) a new class of sub-
algebras which contain the angular momentum operators. The construction procedure for subalgebras
of the second kind is presented in detail (hereby, one starts with the abstract type of the subalgebra
and defines the physical model space by the carrier space of a representation) and a number of
examples, which provide models not known from the literature, is given.

I. Introduction

The investigation of solvable models is a useful
tool for studying the structure of the solutions of
the many body problem and to test the validity of
different many body approximation techniques.
Examples of models suitable for such applications
are the pairing Hamiltonian !, Elliott’s su(3) model
of light nuclei containing a quadrupole force? 3,
Lipkins two shell model with monopole forces*
pairing plus monopole forces® and Agassi’s four

shell model with monopole forces for protons and
6

or

neutrons

All these models have their basis in the existence
of suitable subalgebras of the Lie algebra Ly gene-
rated by the bilinear products of creation and an-
nihilation operators [of the type so (2N) * if a
finite number N of such operators is considered].
This allows to obtain rigorous solutions by group
theoretical methods.

In fact, most of the group theoretical techniques
of the many body problem are based on such sub-
algebras. Consequently, the problem of constructing
physically relevant subalgebras of Ly has been dis-
cussed extensively in the literature in connection
with applications in atomic and nuclear physics.
Besides to the more schematic examples quoted in the
beginning we refer to the following works. For pure
configurations (i.e. for a Fock space based on a
single shell) such group theoretical problems have
been discussed by Racan 8, FLowERs ? and Jupp 19,
yielding a general survey on all physically relevant

* We use the notation of HELGASON 7 for characterizing Lie
algebras.

subalgebras of Ly . For the case of mixed configura-
tions (different shells) we mention, besides the su(3)
model of ELLIOTT 2, applications to two shells by
WyYBOURNE ! and FENEUILLE !? and the more gene-
ral investigations of MoOSHINSKY ¥ and KRAMER
and SELIGMAN !4, More details of the extended lite-
rature in this connection can be found in the reviews
of Jupp!5, WyBOURNE ! and KRAMER and
MosHINskY 7. (For more general applications of
Lie algebraic methods we refer to the standard
literature 18721))

Characteristic for all these applications is that the
physically relevant subalgebras of Ly are constructed
by starting from a given configuration (i.e. a Fock
space defined by given shell combinations) and by
working out suitable chains of subalgebras of
so(2N) [or u(N)] ending with the angular momen-
tum algebra so(3).The elements of each of these
subalgebras may be used to define model interactions
(which may be relevant parts of the realistic inter-
actions) and to define classifications of the many
body states. For the case of mixed configurations it
is, however, difficult to obtain in this way a syste-
matic survey on all subalgebras suitable for the
construction of physically relevant models.

It is the main purpose of this paper to show that
such a survey can be provided by inverting the de-
scribed construction procedure. This yields an in-
finite number of different models and one has to de-
cide from case to case, whether the construction has
physical meaning in terms of mixed configurations.

In order to make clear this construction, we first
analyse the mathematical properties of physically
relevant subalgebras (Section II). We derive how
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by natural, physically motivated restrictions (semi-
implicity, compactness, compatibility with angular
momentum) one is lead to two types of subalgebras,
namely either to the set of all bilinear products which
commute with the angular momentum or to such
subalgebras which contain the angular momentum
operators. For the construction of subalgebras of the
first type one may proceed in the usual way by
starting from a given configuration. Section III gives
a brief survey of the structure of such subalgebras
yielding in general wellknown models.

In Section IV we describe the construction of
subalgebras of the second type. Herefore, we start
with the abstract type of the subalgebra, we define
the Fock space by the carrier space of a representa-
tion (which can be chosen), and we specify the angu-
lar momentum structure of that Fock space by a spe-
cial subalgebra [of the type so(3)] of the abstract
Lie algebra (which again can be given arbitrarily).

In Section V some details of the structure of these
subalgebras are analysed. We present a number of
examples of subalgebras of the second type in terms
of their abstract characteristics.

Our construction will yield as special cases the
known subalgebras of Ly (e. g. those for a pure con-
figuration and the Elliott model). However, for the
case of mixed configurations one is lead in general
to the definition of subalgebras and models which
have not been discussed in the literature. E. g., we
are able to define a new su(4) model for the con-
figuration 1/2, 3/2, 5/2, 7/2.

In this paper, we only give an abstract classifica-
tion of the models, which still have to be treated in
detail by special group theoretical methods in order
to derive the concrete properties of the models. Such
a more concrete analysis — for the su(4) example —
will be the subject of a future publication.

II. Definition and Structure
of Physically Relevant Subalgebras

Consider a Fock space generated by N creation
operators a,” (=1, ..., N) from the vacuum and
call Ly>so(2N) the Lie algebra generated by the
set of bilinear products of creation and annihilation
operators, 1. e.

Ly=(a; as—aga; , a;a;, a,a3, (a,=1,...,N)).

(1)
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Our aim is to construct subalgebras L of Ly (i.e.
subspaces of Ly which are closed with respect to the
formation of commutators) which are, on the one
hand, simple enough to be treatable by standard
group theoretical methods and, on the other hand,
allow the construction of physically relevant ope-
rators (model hamiltonians) with the help of suit-
able polynomials in elements of L.

The first condition will be fulfilled if L is semi-
simple. The theory of such Lie algebras, especially
that of their representations is well developped (see
e.g. Refs. 7 19:20) Also we will assume that L is her-
mitean closed, i.e. L*=L. Physically, this guaran-
tees the possibility to construct hermitean operators.
Mathematically, this assumption has the consequence
that L constitutes a representation of an (abstract)
semisimple Lie algebra in its compact real form
which is unitary with respect to the physically given
scalar product of the Fock space.

In the notation of HELGASON 7, this abstract type
of L is given by so(n), su(n) or sp(n) (or the
exceptional algebras, see Cartan’s list?) and by di-
rect sums of such Lie algebras.

A main restriction on L will result from the
necessity of physical relevance. A basical condition
any model has to fulfil is rotational invariance.
Therefore, we will postulate that L should allow the
generation of operators which commute with angular
momentum. In order to guarantee this we must first
specify the angular momentum structure of Ly .

Let us assume that the single particle space is
closed with respect to angular momentum, i. e. the
quantum number «a can be specified as

a=kjm
(2)

It is wellkown that Ly can then be decomposed into
spherical tensors (tensor operators) 2!

Ly= (4™, M=—1],...,1],
w=1, ..., u;,J=1Iq,..

(m=—jyeuesfo E=1,...n05, j=J1s..05]5).

sl (3)
JM

where the operator 4, are, in a suitable enumera-
tion, the coupled operators 5 21723

(aij aw'y —awy @)™, (aij arrir) ™, (agj, awy) ™.

For any infinitesimal rotation e [i.e. e €so(3)] and
its representation d(e) on the Fock space we have
then that

[d(e), 4] = ; A3 (e) A2

(4)
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(We denote by d’/ the standard irreducible repre-
sentation of so(3) on C2/+1))

We now impose in the following the condition on
L that also this subalgebra of Ly is completely de-
composable into spherical tensors, i.e. there exist
BJ™ such that

L=B™, M=—1J,...,1],

v=1yeresryy I=liyeuisds)  (5)

where the operators B!* are certain linear combina-
tions of the operators A, with J, M fixed.

This guarantees that, up to second order, the fol-
lowing operators are rotational invariant, i.e. com-
mute with all d(e) [e€so(3)]:

BY (v=1,...,%), > (—1)¥BMB¥
M

(r,v'=1,...,v5,]=1(,....]B). (6)

The above assumption (L semisimple, conditions
(5), i.e. [d(e),L1C L, L*=L) now lead, by the
application of standard techniques of the theory of
Lie algebras, to the following structure of L:

There are two alternatives

i) L commutes with all d(e) [e €s0(3)].
ii) All d(e) are contained in L, if the Fock space

is suitably restricted, i. e. if one takes into account
for the definition of Ly a suitable subset of the crea-
tion and annihilation operators such that the ele-
ments of L remain unaltered.

The proof, which is provided by a generalization
of the wellknown theorem, that any derivation of a
semisimple Lie algebra is inner 2%, will not be
given here #. It is not necessary for our further
construction of physically relevant subalgebras of
Ly, it is only interesting in order to judge the gene-
rality of these constructions. Given the two alter-
natives i) and ii), a systematic construction of cor-
responding subalgebras L is now possible. Hereby,
for the first case, Ly can be given, whereas in case
ii) the type of shell combinations [Eq. (2)] has to
chosen suitably, and it has to be checked later
whether physically interesting systems can be de-
scribed in the corresponding Fock spaces.

I1I. The Centralizer of the Angular Momentum

We first discuss briefly the subalgebras of type i).
From [d(e),L] =0 [ecso(3)] we see that the

maximum subalgebra of this type is given by the

D. SCHUTTE

centralizer z, of the angular momentum, i.e. by the
set of all elements of Ly which commute with all
d(e) [eeso(3)]. Any other L obeying i) is then a
subalgebra of z, . Equation (4) tells us that z, con-
sists of all spherical tensors of rank zero, i.e.

Zo= (A%, p=1,..., 1. (7)

Taking into account the k jm classification of the
single particle states, we obtain for z, the direct
sum decomposition

<.
”

Ly = 4 Zj (8)

~.
n
.

with
Zj= : (a;jllt ar'im — AK'jm a}."jm) B l Sm a'l;_im (112'./' n s
m m
) 1) s 9)

[Snz: ( - 1)1'_"1]'
It may be checked easily (see Refs. 21: 2% 25) that z;
has the structure

N ’ ’
Z SmCrjm Q' -m, k, k' = L5550

_ ~ SP(n;)  for halfinteger j,

z; 2 ) y 10
'™ s0(2n;) for integer j. (10)
Hereby, halfinteger j means that j and d(e) cor-
respond to the total angular momentum, integer j
means that we are treating j and d(e) as orbital

angular momentum. Restricting z; to elements which

commute with the particle number operator
Nj? = A: agjm @, and taking out V7P itself yields
¢, m
a subalgebra
Z? B (S aij ar'jm — (Sl{/-"//"'i N,("‘p’ k’ k= 1’ s Il )
m
=~ su (n;) (11)

z; and z;° obviously are subalgebras of Ly which
fall into the category i). They are wellknown from
the literature (see e.g.?!) and we only mention
schematically some applications based on z,.

In the case of halfinteger j we have the pairing
models for n shells, which assume n; =1, S=n, the
operators (6) giving the wellknown pairing inter-
action 21, The monopole models for two shells?
and four shells® exploit the possibilities S=1,
n;=2 and 4 by considering operators out of z;°.

The pairing plus monopole model ® is constructed
by taking elements of z; for n; =2, S=1. The ope-
rators of z; are also used for the classification of
states. Thus, z; for n; =S =1 defines seniority ?!, z;°
for nj=1, S=2 may be interpreted as isospin?2!,
z;j being a generalization of both concepts in this
case 20,
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For integer j (orbital angular momentum inter-
pretation of d) and n; =4, S=1, z,° yields the su(4)
classification scheme for light nuclei (Wigner super-
multiplet 2”) which may be generalized to z; 22s0(8)
(see Ref.28).

For the atomic nucleus, one should mention the
application of z® and z; in the case of n; =2, S=1,
as described e. g. in Ref. 15.

IV. Subalgebras Containing the Angular
Momentum

We shall now describe the construction of sub-
algebras of Ly which are of the type ii). For simpli-
city, we will assume that L is build up only of ele-
ments which do not change the particle number, i.e.
we will assume L to be subalgebra of Ly where

Lg,'z(a;aﬂ—aﬂa;, a,f=1,...,N)=u(N). (12)

More general subalgebras may be easily obtained,
however, it has been not possible to find physically
interesting examples.

Also, we will make use of the fact that the struc-
ture Ly’ u(N) results from the (Lie algebra)
isomorphism ¢ between N x N matrices 4,5 and Ly°
given by (we use summing convention over doubly
appearing indices) :

06(4) =% Aplazag—agaz). (13)

Thus, L can be specified by some abstract Lie alge-
bra 4 (/ is a direct sum of Lie algebras of the type
of Cartan’s list7 in their compact real form) and a
special faithful unitary representation ¢ of 1 on an
N-dimensional complex space (the single particle

space) such that

L=co(). (14)

Consequently, any possible L (of our restricted
type) can be constructed by a suitable choice of 4
and o, by defining the single particle space (gene-
rating the Fock space) by the carrier space of the
representation 0 and by defining the scalar product
in that space so that p in unitary.

As a next step we shall make use of the fact that
the angular momentum operators are contained in L
(alternative ii). This will yield in our construction
the angular momentum structure of the single par-
ticle space and a corresponding inner structure of L.

In general, the angular momentum representation
d on the Fock space is given by the single particle
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representation 0, (0, yields, by decomposition into
irreducible parts, the classification kjm) and o
through

d=0p0;-

(15)

By construction, ¢ and g are faithful representations.
In addition, we will assume that also o, is a faithful
representation of so(3), i.e. that we have a non-
trivial angular momentum structure in the single
particle space. From the relation d[so(3)]C L
(alternative ii) ) follows then that

0a=0|y where 2'=071g, [s0(3)], (16)

i. e. 0, is the restriction of ¢ to a suitable subalgebra
/" of 1 which is of the type so(3), the Lie algebra
of rotations.

For the purpose of construction, we may now
choose 2" C 4 and define o, through Eq. (16), i.e.
the angular momentum decomposition of the single
particle space will be defined through the analysis
of o with respect to the subalgebra 4. A convenient
characterization of the choice of 1" is obtained with
the help of a special faithful representation of 4 for
which we take the fundamental representation o 1% 29.
(This is the irreducible representation by nxn
matrices in the case of so(n), su(n) and sp(n/2)
which define these Lie algebras.) The type of im-
bedding of 4" into 4 is then given by a special nx n
representation of so(3), called o’.

Summarizing and specifiing more exactly, we de-
fine a class of subalgebras L of Ly containing the
angular momentum operators by the following pre-
scriptions:

1) Choose any semisimple Lie algebra 1 in its com-
pact real form (abstract type of L).

2) If the carrier space of the (faithful) fundamen-
tal representation o; of 4 has dimension n, choose
any faithful representation 0" of so(3) on C”
such that

a) o (e)ep;(4) for ecso(3)

[i. e. the matrices 0’ (e) must be, e.g., real or
symplectic, if 1 is, e.g., so(n) or sp(n/2)];
b) the decomposition of o into irreducible parts

O =dh® ... ®dr (17)

has the property that all I (k=1,..., r) are
either simultaneously integer or simultaneously
halfinteger.

[The reason for b) will become clear in 5.] This
defines 2" =0;10'[s0(3)] as subalgebra of A.
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Having 2, o’ is, in turn, given through the
restriction of o; to 4”:
o =orlr.

3) Choose any faithful representation o of 2 on an
N-dimensional complex space, called S.

4) Define the physical single particle space by S
and choose the scalar product in S such that o
ist unitary.

5) Define the angular momentum structure of S,
i.e. 0., by that representation of so(3) which
is given by the restriction of 0 to 2" [=2s0(3)].
The decomposition of 0, into irreducible parts

ly=dh@ ... ©di (18)

defines the angular momentum quantum num-
bers (2) of the single particle states. The condi-
tion 2)b) guarantees that the j, will be always
either simultaneously integer or halfinteger al-
lowing the physical interpretation of 0, and
d=00, to be either orbital or total angular
momentum.

0.=0]|;

V. Structures and Examples
of Subalgebras of Type ii)

For clarification and concreteness, we will now
present the subalgebras of Ly containing the angular
momentum in some more detail, we will give some
additional structure and a number of examples.

Let us assume that 2 has dimension ¢ and that
the compact real form of 7 has a basis Ay s }q S0
that 2, .../, constitute 2’
way (i.e. that we have that [25s 2] = €rtm 2 »
klbm=1,...,3). We defiine further o(Z,) =X*
u=1,...,q), where X" are antihermitean complex
N > N matrices.

A basis of L is then provided by L, ..
L,=00(4,) =%X:s (as ag—agay).

. L, with
(19)

The angular momentum operators corresponding to
an infinitesimal rotation around the k-axis are given
by

L/::Xﬁﬂ y ag (k=17 2, 3)- (20)

(We used trace X*=0.) Thus, the matrices Xk (K
=1,2,3) define the representation 0,, whose de-
composition into irreducible parts [Eq. (18)]
yields the single particle angular momentum.

The decomposition of L into spherical tensors
[Eq. (5)] amounts to the choice of a special basis

D. SCHUTTE

of L or 4. This basis is obtained by considering the
adjoint representation ¢,q of 2 (i.e. the represen-
tation through the structure constants, see
Refs. 7 19721) " and by performing the analysis of
0.0 with respect to the subalgebra 4’. Calling the
restriction of 0,4 to 2" 0'yq, we write for this ana-
lysis

Qzlld = 0ad ‘/ =d'1® S ue @ d-’;, . (21)

A determination of the corresponding irreducible
subspaces is equivalent to the determination of the
basis B/ [Eq. (5)].

The different types of one and two body opera-
tors, as given in Eq. (6), are known through the
analysis (21). Any model hamiltonian, generated
from L, which is hermitean, rotational invariant and
contains only one and two body forces is defined by
a real linear combination of the hermitean forms of
the operators (6) (Hermiticity can be achieved since
the L, are antihermitean). These model hamiltonians
can be diagonalized by group theoretical methods
using the theory of representations of Z.

The types of decomposition (17), (18) and (20)
can be obtained by standard techniques. In a number
of cases they are explicitely known from the

literature 19,

In order to give some examples we have quoted in
table 1 the structure of subalgebras of Ly containing
the angular momentum operators for some cases
where / is simple and o is irreducible. This struc-
ture is characterized through the type of imbedding
2/ C 7 (analysis (17) of o), the types of tensor
operators constituting L (analysis (21) of ¢’,q) and
the dimension N and angular momentum structure
of the single particle space S [analysis (18) of 0,]
which must be assumed in order to realize L = OQ(/.).
The representation ¢ is characterized through the
maximum weights. (Note that the decompositions
(17) and (21) are independent from 0.) The struc-
ture of the decompositions (17), (18) and (21) is
always given by the corresponding set of angular
momentum values. For su(3), sp(2) and su(4), all
are considered, for the other
o’ is taken into

L

possibilities for o
choices of Z only the irreducible
account.

We want to draw the attention to the following
interesting examples.

First we recover Elliott’s su(3) model by setting
J=su(3) and 0= (L, 0). For this choice of 7 and o,

the single particle angular momentum structure cor-
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Table 1. Examples of subalgebras L of Ly containing the
angular momentum operators. The characterization of the
subalgebras L is given through the type 4, the representation
o’ [analysis of Eq. (17)] defining the imbedding A’ C4, the
analysis of 0'aa=0ad|; [Eq.((21)] yielding the decomposi-
tion of L into spherical tensors and the representation o de-
fining L [L=00(4)] for which we quote the maximum
weights, the dimension N of the representation space S and
the analysis (18) of 0,=0|; defining the set of shells which
have to be assumed in order to constitute L. All decomposi-
tions are characterized through the possible angular momen-
tum values and their degeneracy (upper index, see Ref. 19).

J=su(3) o'=(1) 0'aa=(1,2)
0 N=dim S 0a=0/4,
(10) 3 1
(20) 8 2,0
(L 0) 3 (L+1) (L+2) L, L—=2,:::;10r0
(11) 8 2.1
(21) 15 321
o =(3/2) o =(1/2%

A=sp(2) 0'ad=(3,1) 0aa=(3%0)
4 N Qa %a
(10) 4 3/2 1/22
01) 5 2 1, 0%
(20) 10 3,1 13,0
(11) 16 7/2,5/2,1/2 3/22,1/2¢
(02) 14 4,2 2,13, 0%
(30) 20 9/2,5/2, 3/2 3/24,1/22
(21) 35 9,%:3,2, 1 23, 19, 02
(12) 40 11/2,9/2,7/2, 5/2, 3/2 5/2, 3/24,1/28
(03) 30 , 4, 3, \i25, 1%, 0%

o =(3/2) o =(1/22) o =(1,0)
A=su(4) 02a=(3,2,1) 02a=(3,2,1) 0aa=(2,130)
0 N 0a Oa Oa
(100) 4 3/2 1/22 1,0
(010) 6 2,0 1,03 12
(200) 10 3,1 13,0 2,1, 02
(110) 20 7/2,5/2,3/2,1/2 3/22,1/2¢ 22,13,0
(101) 15 3,2,1 14, 03 2,18, 0
(020) 20 4,220 2,13, 0 231,02
(300) 20 324 1/2% 3,2,1%,0%
(210) 45 5,4,32 2,12 23,19, 03 32,23, 15,0
(201) 36 9/2,7/2,5/22, 3/26,1/2¢8 3,23, 14, 02

3/2,1/2
i=sp(3) 0'=(5/2) 0'aa=(5,3,1)
0 dim S Oa
(100) 6 5/2
(010) 14 4,2
(001) 14 9/2,3/2
(200) 21 5,3,1
(110) 64 13/2,11/2,9/2,7/22, 5/2,3/2,1/2
A=s0(7) o'=(3) 0'ad=(5,3,1)
0 dim S 0a
(100) 7 3
(200) 27 6,4,2
(010) 21 5,8:1
(002) 35 6,4,3,2,0

401
noch Tab. 1.
A=su(5) o'=(2) 9'ad=(4,3,2,1)
0 dim S Oa
(1000) 9 2
(2000) 15 4,2,0
(0100) 10 3: 1
(3000) 35 6,4,3,2,0
(1001) 24 4.3,2,1
,7_=sp (4) Q’Z (7/2) Q’adz (7,5,3, 1)
o dim S Oa
(1000) 8 712
(2000) 36 75953:1
(0100) 27 6,4,2
(0010) 48 15/2,11/2,9/2, 5/2, 3/2
(0001) 42 8,5,4,2

A=su(6) 0'=(5/2) 0.a=05,4,321)

(10000) 6 5/2

(20000) 21 5,3,1

(01000) 15 4,2,0

(11000) 70 13/2,11/2,9/2, 7/22, 5/22, 3/2, 1/2
(00100) 20 9/2,5/2, 3/2

(10001) 35 5,4,3,2,1

ZZS“ (7) 9’: (3) ‘Q,Hd: (6’ 5? 4'9 37 21 1)
0 dim S 0a

(100000) 7 3

(200000) 28 6,4,2,0

(010000) 21 5,3,1

(001000) 35 6,4,3,2,0

(100001) 48 6,5,4,3,2,1
A=su(8) o'=(7/2)  0.a=(7,6,5,4,3,2,1)

o dim S Oa

(1000000) 8 7/2

(2000000) 36 7,5,3,1

(0100000) 28 6,4,2,0

(0010000) 56 15/2,11/2,9/2,7/2, 5/2, 3/2
(1000001) 63 7,6,5,4,3,2,1

responds to an oscillator shell and L contains, be-
sides the (orbital) angular momentum operators
L, (k=1,2,3), a set of quadrupole operators Q*¥
(corresponding to the J = 2 part in the decomposition
of 0',q) which allow the definition of a quadrupole
force

Q= % (=DM QMY (22)
The eigenvalues of Q can be easily determined by
considering representations of su(3) and the chain
s0(3) Osu(3). The model (22) is Elliott’s su(3)-
model within one oscillator shell 3 which has been
successfully applied to light nuclei and which is
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usually constructed with the help of the symmetry
properties of the harmonic oscillator problem. This
vields 0 in a special way, however, it is clear from
our construction that the radial parts of the single
particle states have not to be oscillator functions
(this has been noted by HARVEY 2).

All other examples of subalgebras with their cor-
responding models can be conceived as generaliza-
tions of Elliott’s model allowing other configuration
spaces and — in general — more types of inter-
action. A most interesting example occurs for 4=
su(4) and o" = (3/2). For 0= (010), the decompo-
sition (18) yields the angular momentum structure
of the S-D shell, whereas choosing 0 = (110) one ob-
tains the structure of the P-F shell with spin orbit
splitting. Thus in the first case d has to be inter-
preted as orbital, in the 2" case as total angular
momentum. In both examples L contains, according
to the analysis (21) of 0',q, a set of quadrupole
and octopole operators (Q* and 0°¥), so that, in
addition to (22) and the total angular momentum,
(6) contains an octopole-octopole interaction. A
detailed investigation of this model will be devoted
to a future publication 3°.

Since the L, conserve the particle number [see
Eq. (19)] oo defines a representation of 4 on any
n-body space (generated by ay,...a,|0)). The de-
composition of this representation into irreducible
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parts yields a special basis in the n-body space and
defines quantum numbers in addition to angular
momentum. In Elliott’s su(3) model, such basis
systems have shown up to be useful for truncation
even for the case of realistic forces 3, and it is clear
that one may try such applications also for the gene-
ralized subalgebras constructed here.

Besides that, a number of other examples of our
table should be useful for more schematic investiga-
tions (such as test of approximation techniques) :

E. g. we have the (00100) representation of su(6)
and the (0010000) representation of su(8) allow-
ing the construction of models containing four (J=
2,3,4,5) resp. six (J=2,3,4,5,6,7) different
types of model interactions on Fock spaces which
contain a rather rich shell structure.

Finally, it should be mentioned that for a single j
shell, we recover the wellknown examples of sub-
algebras of type ii). They are given by the choices
A=s0(2j+1) [resp.sp((2j+1)/2)] for j integer
(resp. j halfinteger), o' =d’ and 0 =07, Refs. 1521,
Considering direct sums, these subalgebras can ‘be
generalized to more shells 3. For the atomic nucleus,
also the choice 1=g,, o' =d3, 0=o0; has found
interesting applications 1.

It is a pleasure to thank Professor K. BLEULER for
his interest and for many fruitful discussions con-
cerning this work.
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Aquivalenz der N*-Beitrige in der Starken Kopplung
zu einem skalaren N—N-Potential
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The coupled-channel contribution of Ng* isobars, which appear in the solutions of the fixed-
source strong coupling field equations, are equivalent to an effective scalar N— N potential with the

range of the o-exchange in usual OBE models.

1. Die Losungen der starken Kopplung
fiir das NN-System

Das Verfahren der ,starken Kopplung“ wurde
1940 von WENTZEL! in die Feldtheorie eingefiihrt
und in dem darauffolgenden Jahrzehnt von den
Schulen WENTZELs und PAULIs 2 sowie von BLEU-
LER3 zu einer umfassenden Theorie der starken
Wechselwirkung ausgearbeitet. Sowohl das Meson-
Nukleon- als auch das Nukleon-Nukleon- (Deuteron
und Streuung) und das Vielkorperproblem der Kern-
materie fithrte fiir verschiedenartige Kopplungsan-
sitze zu geschlossenen Ausdriicken. Spiter wurden
auch die seltsamen Teilchen einbezogen* sowie der
gruppentheoretische Aspekt ausgearbeitet °.

Eine notwendige Voraussetzung der Theorie ist
die Existenz eines Formfaktors fiir die Nukleonen.
Es werden im Gegensatz zur gewohnlichen Stérungs-
reihe (die fiir physikalische Kopplungskonstanten
bekanntlich divergiert) Entwicklungen nach fallen-
den Potenzen von ¢? angesetzt. Da diese Theorie nur
fiir den skalaren Fall in den hoheren Ordnungen un-
tersucht worden ist® hat sich der Name ,starke
Kopplung* fiir die Losungen der Mesonenfeldtheorie
in der Ordnung 1/¢? eingebiirgert, worauf auch die
»strong coupling groups“ fuflen. Fiir das Meson-

* Diese Arbeit wurde finanziert vom Bundesministerium fiir
Wissenschaft und Forschung.
Sonderdruckanforderungen an Dr. S. WAGNER, Institut fiir
Theoret. Kernphysik der Universitit Bonn, D-5300 Bonn,
NuBallee 16.

Nukleon-System erhélt man in dieser Niherung ein
unendliches System von isobaren Nukleonzustinden
mit identischen halbzahligen Werten des Spins und
Isospins j mit der Anregungsenergie:

E=enljj+1) -1 (=4%%3..0 (@)
mit u=m,/h ¢ und
e=iaulf, (2)

wobei f die im Hamiltonian angesetzte unrenormierte
Kopplungskonstante ist, die mit der physikalischen
Kopplungskonstante g zusammenhéngt:

f2=9(m.[2myx)? g*/4 n (3)
und ¢ der Radius der Quellfunktion ist. Es ist be-

merkenswert, da} der Limes verschwindenden Form-
faktors in (1) zu dem unsinnigen Ergebnis eines
nicht definierten Spins fiihrt, was bei schwacher
Kopplung nicht auftritt. Die Quantenzahlen des er-
sten angeregten Zustandes stimmen mit den ein Jahr-
zehnt nach Aufstellung dieser Theorie experimentell
entdeckten N3/» -Nukleon-Isobaren iiberein.

Das Auftreten der angeregten Nukleonen in den
Losungen der starken Kopplung fiir das Zweinukleo-
nenystem fithrt auf ein Mehrkanalproblem. In nied-
rigster Ordnung der Storungsreihe der starken Kopp-
lung erhalt man:

5[ —d%de? + Ly(Ly + 1)[22 + ViEF (@)] FE/7 (s, E)
=0, F3"F (2, E), (4)



